Abstract: This paper presents an analytical approach to investigate the nonlinear dynamic response and vibration of thick functionally graded material (FGM) plates using both of the first-order shear deformation plate theory and stress function with full motion equations (not using Volmir's assumptions). The FGM plate is assumed to rest on elastic foundation and subjected to mechanical, thermal, and damping loads. Numerical results for dynamic response of the FGM plate are obtained by Runge-Kutta method. The results show the material properties, the elastic foundations, mechanical and thermal loads on the nonlinear dynamic response of functionally graded plates.
Introduction
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PUBLIC INTEREST STATEMENT
In recent years, there has been significant interest in the development of functionally graded materials (FGMs) for engineering applications. FGM materials have been used in aerospace, nuclear, and microelectronics engineering applications, where the materials are required to work in extreme temperature environments. It is also important for these materials to maintain their structural integrity, with minimum failures due to material mismatch. The focus of this manuscript is on a theoretical analysis on the nonlinear dynamic analysis and vibration of thick FGM plates using both of the first order shear deformation theory and stress function. The FGM plate is assumed to rest on elastic foundations and subjected to mechanical, thermal, and damping loads. The influences of the elastic foundations, mechanical loads, and temperature on the nonlinear dynamic response and nonlinear vibration of thick FGM plates are examined in detail. The outcomes from this work are important to composite engineers and designers. different metals by gradually varying the volume fraction of the constituent materials. The properties of FGM plates and shells are assumed to vary through the thickness of the structures. Due to the high heat resistance, FGMs have many practical applications, such as reactor vessels, aircrafts, space vehicles, defense industries, and other engineering structures. As a result, in recent years, many investigations have been carried out on the dynamic and vibration of FGM plates.
In 2004, Vel and Batra (2004) investigated the three-dimensional exact solution for the vibration of FGM rectangular plates. Ferreira, Batra, and Roque (2006) received natural frequencies of FGM plates by meshless method. Woo, Meguid, and Ong (2006) investigated the nonlinear free vibration behavior of functionally graded plates. Also in this year (2006), Wu, Shukla, and Huang (2006) published their results on nonlinear static and dynamic analysis of functionally graded plates. Natural frequencies and buckling stresses of FGM plates were analyzed by Matsunaga (2008) using 2-D higher order deformation theory. Allahverdizadeh, Naei, and Nikkhah Bahrami (2008) Fakhari and Ohadi (2010) studied nonlinear vibration control of functionally graded plate with piezoelectric layers in thermal environment using finite element method. In their study, the material properties of FGM have been also assumed to be temperature-dependent and graded in the thickness direction according to a simple power law distribution in terms of the volume fractions of the constituents. Talha and Singh (2010) studied static response and free vibration of unsymmetrical FGM plates using first-order shear deformation plate theory with finite element method.
It can be seen that nonlinear dynamic analysis of FGM plates is currently taken much attention of many researchers. A number of recent publications focused on the dynamic of FGM plates using the stress function and Volmir's hypothesis but they all used classical plate theory (Duc, 2013; Duc & Cong, 2013a) for thin structures. When the higher order shear deformation plate theory is applied for nonlinear dynamic analysis of thick plates, Volmir's hypothesis is useless. Hence, to solve the dynamic problem for the plate when using the first-order shear deformation plate theory, the other authors often use finite element method with displacement functions (Hosseini-Hashemi, Rokni Damavandi Taher, Akhavan, & Omidi, 2010; Zhao, Lee, & Liew, 2009 ). There has not been any publication using analytical approach to study dynamic for thick FGM plates. This paper presents an analytical approach to investigate the nonlinear dynamic response and nonlinear vibration of thick FGM plates using both of the first-order shear deformation plate theory and stress function. Numerical results for dynamic response of the FGM plate are obtained by fourth-order Runge-Kutta method.
Governing equations
Consider a rectangular FGM plate on elastic foundations. The plate is referred to a Cartesian coordinate system x, y, z, where xy is the midplane of the plate and z is the thickness coordinator, − h/2 ≤ z ≤ h/2. The length, width, and total thickness of the plate are a, b, and h, respectively (Figure 1 ).
The elastic modulus E, thermal expansion coefficient α, and density ρ of the FGM plate can be written as follows in which subscripts m and c stand for the metal and ceramic constituents, respectively, and the Poisson ratio (z) is assumed to be constant ν(z) = v = const.
(1)
Nonlinear dynamic FGM plates
Suppose that the FGM plate is subjected to a transverse load and compressive axial loads. In the present study, the first-order shear deformation plate theory is used to obtain the motion, compatibility equations (Reddy, 2004) . At the same time, the stress function is applied for determining the nonlinear dynamic response and vibration of the FGM plate.
The forces and moments of the plate can be written as follows in which the explicit analytical expressions of E i (i = 1, 2, 3) Φ a , Φ b are calculated and given in the reference Duc and Tung (2010) .
According to first-order shear deformation plate theory, the equations of motion are (Reddy, 2004) :
where in which q is an external pressure uniformly distributed on the surface of the plate, ε is the damping coefficient.
The stress function f (x, y, t) is introduced as:
Substituting Equation 6 into 4a and then into Equations 4b, 4c, Equations 4b, 4c can be rewritten as follows:
The compatibility equation of the plate can be written as follows :
By substituting Equation 3 into Equation 7, the system of motion Equation 7 is rewritten as follows:
where the linear operators L ij (i = 1 − 3, j = 1 − 3) and the nonlinear operator P are defined below
The system of four Equations 8-9 combined with boundary conditions and initial conditions could be used for nonlinear dynamical analysis of thick FGM plates in the next section.
Nonlinear dynamical analysis
Depending on the in-plane behavior at the edges, there are two boundary conditions -unable to move and able to move labeled Case 1 and Case 2, respectively, will be considered .
The approximate solutions of the system of Equations 8 and 9 satisfying the boundary conditions can be written as:
, m, n = 1, 2, … are the natural numbers of half waves in the corresponding direction x, y, and W, Φ x , Φ y -the amplitudes which are functions dependent on time. The coefficients A i (i = 1 − 2) are determined by the substitution of Equations 11a and 11b into Equation 8 as Replacing Equation 11 into the equations of motion 9 and then applying Galerkin method we obtain 
Nonlinear dynamic analysis with effect of pre-loaded axial compression
Consider the FGM plate hinges on four edges which are simply supported and freely movable (corresponding to Case 1, all edges FM). Assume that the FGM plate is loaded under uniform compressive forces P x and P y (Pascal) on the edges x = 0, a, and y = 0, b, where 
Nonlinear dynamic analysis with the effect of temperature dependent
Consider the FGM plate with all edges which are simply supported and immovable (corresponding to Case 2, all edges IM) under thermal and mechanical loads. The condition expressing the immovability on the edges, u = 0 (on x = 0, a) and v = 0 (on y = 0, b), is satisfied in an average sense as (Duc & Cong, 2013b; Equation 17 and Equation 12 lead to the basic equations used to investigate the nonlinear dynamic response of the plates in the case all IM edges in which
Taking linear parts of Equation 18 and putting q(t) = 0, the natural frequencies of the plate under thermal loads can be determined directly by solving determinant For the nonlinear vibration of the shell without damping, this relation leads to or If F = 0, i.e. no external force acts on the shell, the frequency-amplitude relation of free nonlinear vibration is obtained
Nonlinear dynamic analysis using simplified assumption
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Numerical results and discussion
Consider a FGM plate acted on by an uniformly distributed transverse load q = Q sin Ωt (Q is the amplitude of uniformly excited load, Ω is the frequency of the load). The fourth-order Runge-Kutta method is used to solve Equations 15 and 18.
In order to illustrate the present approach, we consider a ceramic-metal FGM plate that consists of aluminum (metal) and alumina (ceramic) with the following properties (Duc & Cong, 2013b) Table 1 presents a comparison of the fundamental frequency parameter established in this paper with the results of Hosseini-Hashemi et al. (2010) and Zhao et al. (2009) . In these two papers, the authors applied the first order shear deformation theory, in addition Hosseini-Hashemi et al. (2010) used the displacement functions, Zhao et al. (2009) 
W(t) =
Effect of elastic foundations on the natural frequency of the FGM plate is shown in Table 2 . The value of the natural frequency increases when the values K 1 and K 2 increase. Furthermore, the Pasternak elastic foundation influences on the natural frequency larger than the Winkler foundation. Table 2 also shows that the lowest natural frequency corresponds to mode (m, n) = (1, 1). Figure 2 gives the effect of the power law index N on the nonlinear dynamic response of FGM plates in the case of all FM edges with a/b = 1, a/h = 20, P x = 0, P y = 0, ε = 0.1 when the frequency of external force q is far away from the natural frequency of the FGM plate with N = 0, 1, 3. It can be seen that the amplitude of the nonlinear dynamic response of FGM plate increases when increasing the power law index N. Figures 3 and 4 show the effect of elastic foundations on the nonlinear dynamic response of the FGM plate with a/b = 1, a/h = 20, N = 1, P x = 0, P y = 0. Figure 3 shows the effect of the Winkler foundation. It is clear that the amplitude of the plate decreases when the module K 1 of Winkler foundation increases. The Pasternak foundation with parameter K 2 also has a similar behavior. The graphs in Figures 3 and 4 show the beneficial effects of elastic foundations on the nonlinear dynamic response of FGM plates, namely the amplitude of the plate decreases when it is resting on elastic foundations, and the beneficial effect of the Pasternak foundation is better than the Winkler one. Figure 5 indicates the effect of excited force amplitude on nonlinear dynamic response in the case of Q = (1,000, 2,000, 3,000 N/m 2 ) and P x = 0, P y = 0. The FGM plate's amplitude increases when the excited force amplitude increases. Figure 6 shows the effect of pre-loaded axial compression P x on the nonlinear dynamic response (with P y = 0). This figure also indicates that the nonlinear dynamic response amplitude of the FGM plate increases when the value of the pre-loaded compressive force P x increases. Figure 7 shows the effects of temperatures ΔT = (0, 50, 150°C) on the nonlinear dynamic response of FGM plates. The dynamic response amplitude increases when the temperature ΔT increases.
The comparison in Table 3 Figures 8 and 9 . It can be seen that there is no much difference between the nonlinear dynamic response of two cases also.
From Table 3 and Figures 8 and 9 , we can see that the assumption that the inertial forces caused by two rotations Φ x , Φ y are too small, is reasonable. Therefore, the simplified assumption can be used for nonlinear dynamical analysis with an acceptable accuracy.
Figures 10 and 11 show the effects of uniform rising temperatures and elastic foundations on the frequency-amplitude relations of the nonlinear free vibration of FGM plate. Figure 10 shows that with the same amplitude, when the temperature increases, the frequency of vibration becomes larger. Figure 11 shows that with the same frequency, FGM plates on elastic foundations have smaller amplitude than the plates without elastic foundations, and the Pasternak foundation influences faster and more powerful than Winkler foundation on the frequency-amplitude relations of the plate. In Duc (2013) , Duc and Cong (2013a) the similar conclusion also has drawn. Figure 12 presents the effects of the external forces on frequency-amplitude is the case of forced vibration. The dashed line is the case F = 0 (the free vibration), the solid line is the case when F = 2,000 and the dotted line is F = 4,000 case. It can be seen with the same amplitude of external force, the frequency of the plate will be increased with increasing of the coefficients K1, K2 of elastic foundations. 
Conclusions
This paper presents an analytical approach to investigate the nonlinear dynamic response and vibration of thick FGM plates using both of the first-order shear deformation plate theory and stress function with full motion equations (not using Volmir's assumptions). The FGM plate is assumed to rest on elastic foundation and subjected to mechanical, thermal, and damping loads. Numerical results for dynamic response of the FGM plate are obtained by Runge-Kutta method. The results show the influences of the material properties, the elastic foundations, pre-loaded axial compression, and thermal loads on the nonlinear dynamic behavior of functionally graded plates.
Especially, this paper tested the differences between nonlinear dynamic responses of the FGM plates when the inertial forces caused by rotations Φ x , Φ y in motion equations are ignored with nonlinear dynamic responses of the FGM plates using full motion equations. The tested results show that the assumption that the inertial forces caused by two rotations Φ x , Φ y are two small, is reasonable. Therefore, this assumption can be used for nonlinear dynamical analysis with an acceptable accuracy. 
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